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Abstrat
It is shown that the so-alled generi instabilities that appear in the framework of rel-
ativisti linear irreversible thermodynamis, desribing the utuations of a simple uid
lose to equilibrium, arise due to the oupling of heat with hydrodynami aeleration
whih appears in Ekart's formalism of relativisti irreversible thermodynamis. Further,
we emphasize that suh behavior should be interpreted as a ontradition to the postulates
of linear irreversible thermodynamis (LIT), namely a violation of Onsager's hypothesis
on the regression of utuations, and not as uid instabilities. Suh ontraditions an be
avoided within a relativisti linear framework if a Meixner-like approah to the phenomeno-
logial equations is employed.
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I. INTRODUCTION
Relativisti irreversible thermodynamis has had a rather peuliar history. The
rst two proposals on the subjet ame from C. Ekart [1℄ in 1940 and from L.
Landau and I. Lifshitz in the early fties [2℄. Sine both of them have been shown to
be partiular ases of the so-alled 'rst order theories' [3℄, we onentrate here on the
former proposal, mainly based on the onstrution of an energy stress tensor where
heat ux is inluded, thus inorporating heat in the same status as a mehanial
energy. Moreover it is also built so to satisfy the rst law of thermodynamis. It
was later shown by W. Israel and oworkers [4, 5℄ that both theories may lead to
transport equations of the paraboli type, therefore violating ausality. Also, it has
been reently suggested that heat, being a non-mehanial form of energy, should
not be inluded in the stress-energy tensor to be oupled to Einstein's tensor in
the ontext of general relativity [6℄. Regarding ausality, we will leave additional
omments on this interpretation and appropriate status in statistial physis for a
future publiation. Here we want to onentrate on the role of heat in deriving
transport equations.
Indeed, besides these diulties, during the last two deades of the past en-
tury, several papers appeared pointing out another shortoming of the two theories
mentioned earlier namely, that they predit hydrodynami instabilities in the linear
regime [2, 3, 5℄. This interpretation is not orret. What they really show is that
utuations under suh onditions do not obey the Onsager's regression assumption.
We remind the reader that this hypothesis states that spontaneous utuations that
our in a uid in equilibrium evolve towards the equilibrium state following linear
equations for the marosopi variables [7℄. This fat led workers in the eld to on-
sider the so-alled 'seond order theories' [4, 8℄ as those whih orretly solve the two
main objetions. This approah has now been taken as the basis of a new version
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of a modied form for the relativisti hydrodynami equations suitable to deal with
the hot dense matter produed in the Relativisti Heavy Ion Collider, RHIC [9℄.
In this work we show that the problems mentioned above are aused by the stru-
ture of the onstitutive equation for the heat ux proposed by Ekart whih ouples
it with the hydrodynami aeleration. This relation, when introdued as a losure
to the system of hydrodyami equations, yields the so-alled generi instabilities. It
is important to point out that this oupling, whose thermodynami meaning has
always been questioned, has so far not been supported by experiment [10℄.
As an alternative, we study the eet of a Fourier-like onstitutive equation as
an be obtained, for example, from Meixner's formulation of linear irreversible ther-
modynamis [11, 12℄. This theory is based upon the idea that the heat ux is a
omponent of a separate total energy ux [13℄ and leads to a system of linearized
transport equations whih orretly desribe the evolution of the utuations aord-
ing to LIT. Moreover, the seond law of thermodynamis is neatly derived and the
stress-energy tensor maintains its anonial form inluding only state variables.
These results suggest that those attempts seeking to deal with these problems bas-
ing their ideas on Extended Irreversible Thermodynamis, EIT [14℄, may be unne-
essary. The results obtained from A Meixner-like approah are free from additional
parameters other than the standard transport oeients. On the other hand, EIT,
whose onstitutive equations are of the Maxwell-Cattaneo type introdues additional
parameters that, on the long run, have to be adjusted. Other diulties with EIT
theories have been extensively disussed in the literature [15℄.
To pursue our disussion we have strutured the paper as follows. In setion
II the relativisti transport equations are derived from Ekart's proposal for the
stress-energy tensor. Setion III ontains the linearized system and the onsequent
derivation of the so-alled instability of the transverse veloity mode. Final remarks,
inluding the alternative proposal orresponding to a Meixner-like sheme, are in-
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luded in the last setion of this work.
II. RELATIVISTIC TRANSPORT EQUATIONS: ECKART'S FORMALISM
The evolution of a relativisti uid is desribed by the balane equations onsid-
ered together with suitable onstitutive relations. The ontinuity equation in rela-
tivisti hydrodynamis is a statement of onservation of partiles. For a non-reative
uid and denoting the partile ux as Nµ = nuµ, suh an equation reads
Nµ;µ = 0 (1)
where n is the partile number density. Here and throughout this work greek indies
run from 1 to 4, latin indies from 1 to 3, and a semiolon indiates a ovariant
derivative. The uid four-veloity is uµ, so Eq. (1) an be written as
n˙+ nθ = 0 (2)
where θ = uµ;µ and a dot denotes a total time derivative.
The general onservation equation for the stress-energy tensor
T µν;µ = 0 (3)
enompasses both energy and momentum balanes. In Ekart's formalism, T µν is
given by
T µν =
nε
c2
uµuν + ph
µ
ν + π
µ
ν +
1
c2
qµuν +
1
c2
uµqν (4)
where ε is the energy per partile in the omoving frame, p is the loal pressure, πµν
is the Navier tensor, qµ is the heat ux and hµν is a spatial projetor dened, for a
(+ + +−) signature, as
hµν = δ
µ
ν +
uµuν
c2
(5)
The last two terms in Eq. (4) are identied as the heat ux ontributions inluded
in Ekart's formalism as part of the proposed relativisti generalization. Also, these
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terms satisfy orthogonality onditions equivalent to those for the visous dissipation
namely,
uµπ
µ
ν = u
νπµν = 0, qµu
µ = qµuµ = 0 (6)
It is worthwhile at this point to emphasize that these heat ux terms are not present
in the stress tensor in the non-relativisti theory as well as in the relativisti version
of Meixner's thermodynamis [13℄.
Equation (3), after omputing the ovariant derivative of T µν given by Eq. (4),
using Eq. (2) and the operator
˙( ) = uα( );α yields the momentum balane equation
(
nε
c2
+
p
c2
)
u˙ν +
(
nε˙
c2
+
p
c2
θ
)
uν + p,µh
µ
ν + π
µ
ν;µ
+
1
c2
(
qµ;µuν + q
µuν;µ + θqν + u
µqν;µ
)
= 0 (7)
The evolution of the internal energy is given by the projetion of Eq. (3):
uνT µν;µ = 0 (8)
from whih one an obtain the equation
nε˙+ pθ + uν,µπ
µ
ν + q
µ
;µ +
1
c2
u˙νqν = 0 (9)
where use has been made of the fat that, from Eq. (6), uνqν;µ = −u
ν
;µqν and a similar
relation holds for the visous term. It is onvenient to reast this equation in terms
of the temperature as state variable instead of ε by means of the loal equilibrium
assumption. That is, sine ε = ε (n, T ), one an write
ε˙ =
(
∂ε
∂n
)
T
n˙+
(
∂ε
∂T
)
n
T˙ (10)
Using the relations
(
∂ε
∂n
)
T
= − Tβ
n2κT
+ p
n2
and
(
∂ε
∂T
)
n
= Cn where β is the volume
expansion oeient, κT the isothermal ompressibility and Cn the spei heat at
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onstant n, Eq. (9) an be written as
nCnT˙ +
(
Tβ
κT
)
θ + uν;µπ
µ
ν + q
µ
;µ +
1
c2
u˙νqν = 0 (11)
Equations (2), (7) and (11), the onservation equations, form an inomplete set.
In order to obtain the dynamis of the state variables one has to introdue onsti-
tutive relations as losure equations. In order to propose these phenomenologial
expressions for the uxes πµν and qµ , one alulates the entropy prodution from
the entropy balane equation whih is obtained by means of the loal equilibrium
assumption, that is, if the entropy per partile is s = s (n, ε),
s˙ =
(
∂s
∂n
)
ε
n˙+
(
∂s
∂ε
)
n
ε˙ (12)
Substitution of Eqs. (2) and (9) in Eq. (12) and using the thermostati relations
(
∂s
∂n
)
ε
= −
p
n2T
,
(
∂s
∂ε
)
n
=
1
T
, (13)
yields an entropy density balane equation whih an be brought to the following
general struture
ns˙ + Jν[s];ν = σ (14)
where Jν[s] is identied as an entropy density ux and the entropy prodution is given
by the expression
σ = −
qν
T
(
T,ν
T
+
T
c2
u˙ν
)
−
uν,µ
T
πµν (15)
In order to assure the positiveness of σ, and thus satisfy the seond law of thermo-
dynamis, Ekart proposes the following onstitutive relations
πµν = −2ηh
µ
αh
β
ν τ
α
β − ζθδ
µ
ν (16)
qν = −κhνµ
(
T ,µ +
T
c2
u˙µ
)
(17)
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where the transport oeients involved are the bulk visosity ζ , the shear visosity η
and the thermal ondutivity κ. In Eq. (16) τµν is the traeless symmetri part of the
veloity gradient tensor. Equation (17) deserves a loser look. In it, the rst term in
parenthesis orresponds to the usual Fourier-type onstitutive equation. The seond
term, whih arises from the inlusion of the heat terms in the stress tensor, is not
in the anonial form namely, it annot be onsidered a thermodynami fore. This
objetion is equally appliable to the seond term of Eq. (15). A omplete disussion
of this issue an be found in Ref. [6℄ and will not be repeated here. However this fat
is brought to the attention of the reader sine, as will be shown in the next setion,
this term leads to the so-alled instability found by Hisok and Lindblom [3℄.
III. LINEARIZED EQUATIONS FOR THE FLUCTUATIONS
In this setion, we shall study the behavior of the linearized equations whih result
from Ekart's sheme when spontaneous utuations of the state variables our
around equilibrium. These equations arise upon substitution of the onstitutive
equations given by Eqs. (16-17) into the general onservation equations (2), (7)
and (11). Next we linearize by setting T = T0 + δT , u
k = δuk (δu4 = 0) and
θ = δθ, whih aording to Eq. (2) is equivalent to the ondition n = n0 + δn.
Here the naught subsripts haraterize their equilibrium values and δ denotes the
orresponding utuation. The ensuing proess requires a minimum eort. In fat,
by simple inspetion, one noties that the seond braket and the rst three terms in
the third braket in Eq. (7) ontain at least quadrati terms in the utuations as well
as the third and fth terms in Eq. (11). Therefore, the only terms that introdue a
dierene with the results obtained in ordinary relativisti hydrodynamis are u4qν;4
in the momentum balane and qµ;µ in the energy balane equations. Both arise from
the inlusion of heat in the stress tensor.
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The rest of the proedure is straightforward. Using the well known tehniques
of standard linearized non-relativisti hydrodynamis [16, 17, 18℄ we rst write the
linearized equations,
δn˙+ n0δθ = 0 (18)
1
c2
(n0ε0 + p0) δu˙ν +
1
κT
δn,ν +
1
βκT
δT,ν
−ζδθ,ν − 2η
(
δτµ;ν
)
;µ
−
κ
c2
δT˙,ν −
κT0
c4
δu¨ν = 0 (19)
nCnδT˙ +
(
T0β
κT
)
δθ − κ
(
δT ,k +
T0
c2
δu˙k
)
;k
= 0 (20)
where use has been made of the fat that p = p (n, T ).
Equations (18)-(20) are the linearized equations for thermodynami utuations
in Ekart's version of relativisti hydrodynamis. The next step is to separate δθ from
the transverse veloity. For this purpose we alulate the url and the divergene of
Eq. (19). The seond operation yields
−
κT0
c4
δθ¨ +
1
c2
(n0ε0 + p0) δθ˙ +
1
κT
∇2δn +
1
βκT
∇2δT
−
(
ζ +
4
3
η
)
∇2δθ −
κ
c2
∇2δT˙ = 0 (21)
This is a salar dierential equation with unknowns δθ (or δn) and δT . We shall
ome bak to it afterwards. On the other hand, the rst operation, realling that
the url of gradient vanishes, yields
κT0
c4
δU¨ν −
1
c2
(n0ε0 + p0) δU˙ν + 2η∇
2δUν = 0 (22)
where δUα = ǫ
µ
ανδu
ν
;µ are the omponents of the url of the veloity eld. ǫ
µ
αν is the
well known Levi-Civita's tensor. Thus, this proedure deouples the transverse mode
utuations from the system of hydrodynami equations, yielding an independent
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equation. Calulating a Fourier-Laplae transform with transform variables kℓ and
s respetively, we obtain
δ
ˆ˜
U ν
(
kℓ, s
)
=
δUˆν
(
kℓ, 0
) [
κT0
c4
s− 1
c2
(n0ε0 + p0)
]
+ κT0
c4
∂δUˆν(kℓ, t)
∂t
∣∣∣∣
t=0
κT0
c4
s2 − 1
c2
(n0ε0 + p0) s− 2ηk2
(23)
where δ
ˆ˜
Uν is the Laplae-Fourier transform of δUν . Thus, the exponential growth,
or deay, of the transverse omponent of the veloitiy utuations will depend on
the roots of the denominator, namely, the solution of the dispersion relation
κT0
c4
s2 −
(
n0ε0 + p0
c2
)
s− 2ηk2 = 0 (24)
Equation (24) has two real roots, namely
s =
c2
2κT0
[
n0ε0 + p0 ±
√
(n0ε0 + p0)
2 + 8k2ηκT0
]
(25)
whih is preisely the result the authors of Ref. [3℄ arrived at in a more laborious
way. Notie that, not only the proedure here developed yields the dispersion relation
in a more lear, diret way but it also highlights two important points. Firstly, the
equation for the transverse mode is ompletely deoupled from the system. Thus, it is
unneessary to make any assumptions about the diretion of the veloity utuations
as done in that work. The seond and most important point we wish to emphasize
is the fat that, as a onsequene of deoupling of both omponents of the veloity
eld, longitudinal and transverse, one an easily identify the soure of the exponential
growth found in the transverse mode utuations. Indeed, for spatially homogeneous
perturbations, k = 0, Eq. (25) yields a positive root
s =
n0ε0 + p0
κT0
c2 (26)
Equation (26) is a ritial result. It learly indiates that Onsager's assumption
of the regression of utuations is violated. This is in open ontradition with the
tenets of LIT. In this sense, Ekarts's formalism is suspet.
9
IV. DISCUSSION
The results obtained in the previous setion, have motivated the formulation and
use of generalized onstitutive equations. However, as an be learly seen by inspe-
tion of Eqs. (21-24) its ause is preisely the presene of the aeleration term in the
onstitutive equation for the heat ux, Eq. (17) whih, in turn an be traed down to
the phenomenologial formalism rst introdued by Ekart. The oupling proposed
in Eq. (17) is thus responsible for the theory being athegorized as unphysial, and
thus displaed by others [19℄.
On the other hand, an alternative proposal for the stress energy tensor, the one
onsistent with Meixner's theory an be easily shown to yield a system of hydrody-
nami equations in whih utuations behave anonially this instability is absent.
Indeed, as disussed in Ref. [13℄, the stress energy tensor there assumed is
T νµ = ρu
νuµ + ph
ν
µ + π
ν
µ (27)
Equation (27) provides an alternative manner to introdue heat without identifying
it as a state variable, onsistently with lassial thermodynamis. Heat is a form of
energy, energy in transit, and must be inluded in a total energy balane equation.
In Meixner's irreversible thermodynamis, heat ux is rstly introdued in a total
energy balane given by
Jν[E];ν = 0 (28)
where Jν[E] is the total energy ux and inludes the mehani and internal energy
uxes as well as the dissipative heat ux
Jν[E] = ρc
2uµ + nεuν + qν . (29)
This proedure yields an entropy prodution in terms of produts of thermodynami
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fores and uxes exlusively,
σ = −qν
T,ν
T 2
−
uµ;ν
T
πνµ (30)
whih is onsistent with Clausius' idea of unompensated heat and motivates a on-
stitutive equation for the heat ux where the aeleration term is absent. Indeed, the
onstitutive relations in this formalism orrespond to laws of proportionality between
fores and uxes whih ultimately results in a momentum balane equation where
the seond derivative of the veloity is absent, and thus the evolution equation for
the utuation of the veloity variable δUν reads(
n0ε0 + p0
c2
)
δU˙ν = 2η∇
2δUν (31)
whih, performing a similar analysis as the one that lead to Eq. (23) yields the
dispersion relation
−
(
n0ε0 + p0
c2
)
s− 2ηk2 = 0 (32)
Equation (32) learly predits only an exponential deay in time for δUν . This result
is ompared with the unphysial behavior found in the previous setion by analyzing
the non-relativisti limit of both results for k 6= 0 in Appendix A. As shown in this
appendix, the root whih generates the exponential growth mentioned above ontains
the thermal ondutivity even in the non-relativisti limit. This is ompletely at odds
with lassial hydrodynamis and with the fat that the heat terms in Ekart's tensor,
Eq. (4), are assumed to be stritly relativisti.
To nish this disussion, we would like to go bak to Eqs. (20) and (21), a set
of oupled equations for δT and δθ (or δn). To solve this system one has to go
to the frequeny and wave number representation and transform them into a set of
two oupled algebrai equations. With the solutions obtained one an alulate the
density-density or temperature-temperature orrelation funtions. The former one,
as well known [16, 17, 18℄, is related to the so-alled dynami struture fator whose
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form, for a simple uid, is known as the Rayleigh-Brillouin spetrum. It onsists of a
entral, or Rayleigh peak and two symmetrially loated peaks known as the Brillouin
peaks. Rayleigh's peak has a width in frequeny ∆ω ∝ Dthk
2
where Dth =
κ
ρCv
is
the thermal diusivity and k = 2πλ−1 when alulated with Eq. (27). On the other
hand, if Ekart's tensor is used, it appears the the Rayleigh-Brillouin expetrum does
not exist. This fat would be in open ontradition with experiment. Calulations
along this line will be published elsewhere.
Appendix A: NON-RELATIVISTIC LIMIT
In this appendix, the non-relativisti limit of Eqs. (24) and (32) are explored. In
suh limit, one an identify n0ε0 → ρ0c
2
and further notie that p0 ≪ ρ0c
2
where
ρ0 is the equilibrium mass density. Introduing these fats in the dispersion relation
obtained within Ekart's formalism, Eq. (24), yields
κT0
c4
s2 − ρ0s− 2ηk
2 = 0 (A1)
while Eq. (32) yields the linear equation
− ρ0s− 2ηk
2 = 0 (A2)
Equation (A1) has two roots whih, using a binomial expansion for 8κT0ηk
2 ≪ ρ2c4,
are
s1 ≃ −
2ηk2
ρ
(A3)
s2 ≃
ρ0c
4
κTo
+
2ηk2
ρ0
(A4)
Notie that the rst root, s1, orresponds to the deaying behavior found within
Meixner's approah, Eq. (A2). This behavior, in whih the veloity utuations
deay due to visous eets is more physial than the one given by the seond root
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s2, whih orresponds to the so-alled instability referred to in Ref. [3℄. This behavior
of the veloity utuations is due to both visous and thermal eets, a result whih
we insist, is untenable in this limit.
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